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Role of Constraints in Inverse Design
for Transonic Airfoils

G. Volpe* and R.E. Mehikt
Grumman Aerospace Corporation, Bethpage, New York

. This paper deals with the problem of determining an airfoil shape ‘that éorresponds to a prescribed pressure
distribution. Lighthill’s’ exact solution of this problem in incompressible ﬂow demonstrated that the surface
pressure distribution and the freestream speed cannot both be prescribed mdependently This implies the existence
of a constraint on the prescribed pressure distribution. The same constraint exists at compressible speeds. The
present paper describes a new method for solving the inverse problem at transonic speeds, one that does not violate
this constraint. In the method, the target pressure distribution contains a free parameter that is adjusted dilrihg the
computation to assure the existence of a solution to the inverse problem. The computational scheme is based on
the numerical solution of the full potential equation. Several examples are presented.

‘ Introduction

HE design goal of improved aircraft aerodynamic

efficiency often leads to the tailoring of the airfoil to
specific commercial or military requirements. The aircraft
design may call for the wing profile to have certain lift and /or
drag characteristics, a particular lift distribution, or a specific
velocity distribution that would provide a measure of control
on boundary-layer behavior. In such cases, the airfoil design
problem is reduced to the specification of a desired pressure
distribution—or, equivalently, speed distribution. This ap-
proach leads to the theoretical problem of finding an airfoil
shape that produces a desired pressure distribution as closely
as possible.

The “inverse” problem of airfoil theory has been of interest
for some time and techniques for the construction of practical
profiles have been formulated for incompressible flow,! for
subcritical compressible flow,” and for supercritical flows.%°
For incompressible flow, it was demonstrated by Lighthill'
that a solution to the inverse problem generally does not exist
unless the prescribed speed distribution satisfies a certain
integral constraint arising from the requirement that the speed
in the freestream be equal to one (or any other specified
value). The additional requirements that the airfoil close (or
have a specified trailing-edge thickness) and be at a given
incidence were shown by Lighthill to lead to two additional
constraints on the prescribed pressure distribution. Since
Lighthill’s definitive 1945 paper, it has been clearly recognized
that three constraints must be imposed on the prescribed
pressure distribution in formulating the inverse design prob-
lem. Woods? later demonstrated that similar constraints were
also required in the mixed-design problem in which the pres-
sure distribution is prescribed for some parts of the airfoil and
the shape is prescribed for other parts. For incompressible
flow, Lighthill’s1 and Woods’? theories led to explicit integral
expressions for the constraints. Later, using a Karman-Tsien
model gas approximation, Woods? was able to derive similar
expressions for the integral constraints for compressible, sub-
critical flows. These expressions reduce to Lighthill’s expres-
sions in the limit of incompressible flow. For a perfect gas in
compressible flow, closed-form expressions for closure cannot
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be derived, but their existence can be inferred from the fact
that the incompressible flow case is a subcase of the more
general compres51b1e flow. problem.

Thus, in order to assure that a solution to the inverse
problem exists, some freedom must be permitted in the pre-
scribed pressure distribution to allow the three constraints to
be satisfied. This can be accomplished by mtroducmg three
free parameters into the prescnbed form of the pressure
distribution. One parameter is adjusted .to satisfy «the first
constraint arising from the condition that the speed at infinity
be one and the other two are adjusted to satisty the two
closure conditions. Alternatively, the angle of attack of the
airfoil can be left free (to be determined as part of the
solution) and one of the trailing-edge closure conditions and
the associated parameter in the pressure distribution can be
eliminated. Theoretical studies indicate that, even if condi-
tions on trailing-edge closure are not imposed, one constraint
must still be imposed on the prescribed pressures. This situa-
tion regarding the proper formulation of the inverse design
problem is quite clear for incompressible and comipressible
subcritical flows. Numerous . examples illustrating this point
have been presented in the literature.!”?

Recently, there have been a number of attempts to develop
solution procedures for the inverse problem in compressible,
supercritical flow. Unfortunately, none have adequately ad-
dressed the role of constraints and the question of the proper
formulation of the inverse design problem. Since Woods’’
analysis is based on the Karman-Tsien model gas approxima-
tion, it is useful only for subcritical flow and has contributed
little to our understanding of supercritical problems. Recent
attempts by Traner® and Carlson’ to solve the compressible
inverse problem have not satisfactorily addressed the issue of
constraints. In their works, Tranen and Carlson have ad-
dressed only the question of trailing-edge closure and have
completely ignored the question of the first constraint. Tranen
enforced trailing-edge closure of the airfoil shape determined
from a solution of an inverse problem that was not entirely
consistent with the corresponding direct problem and at-
tempted to converge on a pressure distribution “close” to the
one sought by iterating through a sequence of inverse and
direct problems. Carlson’s closure procedure is bdsed on an
adjustment of the nose radius to close the trailing edge using a
mixed direct-inverse procedure.

Although both procedures seem to be workable approaches
to the trailing-edge closure problem, neither method provides
a satisfactory solution to the inverse problem, because each
lacks consideration of the first constraint and is therefore
ill-posed. It is recognized that both methods can reproduce
known airfoil sections using pressure distributions taken from
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direct solutions. Since such pressure distributions automati-
cally satisfy the constraints, these examples do not provide a
real test of the correctness of their formulations of the inverse
problem. It is also plausible that these methods can be oper-
ated successfully to improve given airfoils by slightly modify-
ing pressure distributions taken from direct solutions. In gen-
eral, however, they must fail when more general pressure
distributions are prescribed.

Similar objections also apply to Henne’s™ recent extension
of Tranen’s method to three-dimensional wings. For com-
pressible flow, the absence of explicit constraints on the pres-
sure causes no real problems in working out an acceptable
formulation to the trailing-edge closure problem. The main
impediment to the establishment of a satisfactory formulation
of the inverse problem in compressible flow has been the lack
of an explicit statement of the first constraint. We know from
Lighthill’s theory that we must either leave the speed at
infinity free or introduce a single degree of freedom into the
surface pressure distribution (in addition to the two parame-
ters required for trailing-edge closure) to allow the first con-
straint to be satisfied. However, in compressible flow, we do
not have an explicit condition, analogous to Lighthill’s first
constraint, that can be used to fix the parameter that must be
introduced into the data.

In the present work, we describe a new formulation of the
inverse design problem that is aimed at providing a treatment
of the constraints on the imposed pressure distribution which
is consistent with Lighthill’s analysis of the incompressible
problem. This paper is concerned only with the first constraint
since this has proved to be the most difficult to understand
and implement in compressible flows. However, the formula-
tion is easily generalized to deal with the question of trailing-
edge closure and the other two constraints by introducing two
additional free parameters into the prescribed pressure distri-
bution.

The formulation is consistent with Lighthill’s in the sense
that a free parameter must be introduced into the boundary
data to assure the existence of a solution. Although our
solubility condition is analogous to Lighthill’s first constraint,
we have not yet been able to show that it is precisely equiv-
alent to Lighthill’s first integral constraint in incompressible
flow. However, the present method does provide a useful
approach to the inverse problem at transonic speeds. We have
been able to demonstrate through many numerical examples
that our method correctly determines the airfoil shape and
pressure distribution corresponding to known direct solutions
starting from a prescribed pressure differing greatly from the
direct solution. In these cases, our solubility condition auto-
matically adjusts a free parameter appearing in the initial
prescribed pressure distribution to the correct value corre-
sponding to the known direct solution. Further, if the solubil-
ity condition is not imposed and the parameter appearing in
the surface pressure distribution is not adjusted, the numerical
procedure fails, indicating that a solution of the inverse prob-
lem does not exist for the prescribed initial pressure distribu-
tion. Examples of airfoils designed with this formulation are
presented for both subcritical and supercritical flows with
shock waves.

There are, of course, other approaches to the problem of
airfoil design at transonic speed based on iterated solutions of
the direct problem. In these methods, direct solutions are
sought with an airfoil shape modified iteratively to minimize
the difference between the computed pressures and a pre-
scribed target pressure distribution. The issue of constraints is
avoided in this approach because one is not seeking a closed
airfoil for a fixed prescribed pressure distribution, but an
airfoil with a pressure distribution or force characteristics
“close” to prescribed targets. Recent examples of this type of
approach appear in the works of Hicks et al.,!' Davis,'? and
McFadden.!® The relative merits of this approach to airfoil
design compared to the constrained inverse method described
in this paper remain to be established.
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Formulation of the Inverse Problem

Using conformal mapping techniques, Lighthill was able to
obtain an exact solution for incompressible flow. As part of
this solution, it was shown that a solution for a closed airfoil
exists only if the prescribed speed satisfies the following three
integral constraints:

fhlog o )go=0 1)
0 9o

2m, | 4o |f cOSw _
fo log p {sinw}dw_o 2)

where ¢, is the prescribed speed distribution on the airfoil
surface, ¢, the speed at infinity, and  the polar angle in the
transformed plane obtained from the conformal mapping of
the airfoil to a circle. The first condition arises from the
requirement that the speed at infinity is g, and the other two
from the requirement that the airfoil is a closed contour.
Lighthill demonstrated that, if Egs. (1) and (2) are satisfied,
the desired airfoil shape can be determined from g, by simple
quadratures. Lighthill presented examples in which the speed
distribution was prescribed in the terms of the circle plane
angle w and three free constants in the form

qO/qoo =fw(w;A!B9C) (3)

where the three parameters were chosen to satisfy the integral
constraints. This provides only an indirect solution to the
design problem in that the speed distribution in the physical
plane g,(s) is not known in advance but can only be de-
termined, after the fact, from the conformal transformation
specifying « as a function of s (where s is the arc length on
the airfoil surface). Arlinger,* Strand,> and Polito® showed
how Lighthill’s solution can be embedded in an iterative
scheme in which the speed distribution is prescribed in the
physical plane as a function of arc length in the form,

40/ 9 =1,(5; 4,B,C) (4)

Our approach to the inverse problem recognizes the need to
account for constraints on the prescribed speed distribution.
Here, we ignore the trailing-edge closure conditions in order
to focus on the more difficult question of the first constraint.
In this case, the prescribed surface speed must contain just
one free parameter and we accept airfoil solutions indepen-
dent of the magnitude of the trailing-edge gap. Thus, we
assume the surface speed distribution is prescribed in the
form,

90/ 9 =f(55 4) (5)

where 4 is a free parameter. Of course, the particular form
chosen will affect the class of airfoil solutions that can be
obtained. In the present work, we assume the particular form

4o/ 9 = Af(5) (6)

where the amplitude A4 is a parameter that is determined as
part of the solution and f(s) a given function that specifies
the shape of the surface speed distribution. It is possible to
proceed in two ways: either A is left free and the freestream
speed g, is set to one or, alternatively, the surface speed
distribution is completely fixed but the freestream is left free
to be determined as part of the solution. Since both proce-
dures are entirely equivalent, we can, without loss of gener-
ality, choose the latter approach by defining 4 =1/¢q,, with
q., taken as an arbitrary parameter, identified with the value
of ¢ in the freestream.

If the freestream Mach number were zero, we could de-
termine the value of g, from the first constraint in Lighthill’s
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solution. In this case, with 4 =1/g_, substitution of Eq. (5)
into Eq. (1) yields,

(M= 0) = exp| £ [Togls (s (@)

An explicit condition to determine g, , comparable to Eq.
(7), is not known for compressible flow. Fortunately, a solubil-
ity condition arises at a given point in our formulation that
fills the role of Eq. (7) in providing a condition for determin-
ing the value of ¢.. In our approach, we specify the shape
function f(s), make an initial estimate of the value of g, and
then integrate the speed distribution specified by Eq. (6) to
determine the values of surface velocity potential. Using an
estimate for the airfoil shape, we then conformally map the
approximate airfoil to a unit circle (r =1). Using the resulting
surface potential and approximate mapping modulus, we then
solve the resulting Dirichlet problem for the full potential
equation using a mixed relaxation technique in the (approxi-
mate) circle plane. If the computed velocity component nor-
mal to the circle representing the transformed airfoil shape
turns out to be zero at every point on the surface, the
approximate airfoil is a streamline and the inverse solution is
completed. In general, the normal velocity is nonzero on the
boundary. In this case, the values of the normal velocity
provide the information necessary to correct the estimate for
the airfoil geometry as follows. If v and u are the velocity
components along the r, w coordinate directions in the circle
plane, the flow angle perturbation at the airfoil surface is
given by '

— tan-! v(r=1,0)
o0 an1[ £r=L.0) ®

The quantity 80(w) is the local angle through which the
approximate airfoil surface must be rotated to make it a
streamline. We employ the perturbation slope 86(w) in the
conjugate relations connecting the mapping modulus and the
airfoil slope defining the conformal mapping of the airfoil to
the unit circle. These relations then determine the corrections
to the mapping modulus that will drive the approximate airfoil
surface to become a streamline. At convergence, the normal
velocity component at the surface (r=1) is zero at every
point, giving a zero flow angle correction and a converged
mapping modulus. At this point, the inverse mapping of the
unit circle to the converged airfoil shape can be carried out by
Fourier series using the now known mapping modulus and
airfoil slope distribution.

At a given stage of the iteration, the computed normal
velocity component v generally does not vanish at the points
where the prescribed surface speed u# has a zero. Conse-
quently, the procedure described above will fail because the
flow angle corrections 80 at these points are unbounded. In
order to assure that a solution exists, we must therefore
impose the conditions that the normal velocity component v
vanishes at the points where the prescribed surface speed is
zero. If w* denotes the value of w where u (or g,) is zero, the
resulting condition can be written as

v(r=1,0=w*)=10 (9

This condition is equivalent to requiring those points where
the surface speed vanishes to be stagnation points and to
remain so at each step of the solution. Physically, this is
related to the requirement that a curve on which the speed
distribution is prescribed be a stream surface. This condition
apparently can be satisfied only if the zeroes of g, [or f(s)]
are stagnation points that permit a branching of the stream-
lines. In the present work, we present examples only of cusped
airfoils for which there is only one stagnation point—gener-
ally, on the forward part of the airfoil. In this case, Eq. (9)
serves as the single condition determining the value of ¢ . If
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an airfoil has a wedge-shaped trailing edge, an additional
stagnation point arises at the trailing edge. Although we will
not consider this more general class of airfoil profiles here, we
should note that the present method does apply and can be
used to design such airfoils.

We have not been able to analytically demonstrate that our
solubility condition in Eq. (9) is equivalent to Lighthill’s first
constraint and reduces to it [Eq. (1)] in the incompressible
limit (M, = 0). Nevertheless, numerical experiments reported
in this paper suggest that this is the case and that Eq. (9)
correctly determines the airfoil shape when the shape function
f(s) is taken from a direct solution, independent of the
starting value taken for the amplitude parameter, A =1/q,_.
Moreover, the present results clearly indicate that the selection
of the shape of the prescribed speed distribution f(s) is by
itself sufficient to determine the airfoil shape. The additional
specification of the amplitude parameter 4 would clearly
overspecify the data and lead to an ill-posed problem. Al-
though not conclusive, results obtained to date indicate that
the solutions are unique in the sense that there appears to be
only one airfoil shape and one value of the amplitude parame-
ter corresponding to each choice of the shape function f(s).
Further details on the numerical implementation of the method
are given in the following section.

Inverse Method of Design

The problem addressed in this section is that of finding an
airfoil shape having a velocity distribution prescribed to be

Lo L) (10)
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where ¢, is a constant to be determined as part of the
solution. The point s =0 corresponds to the lower surface
trailing-edge point and s = s,,,, is the corresponding point on
the upper surface. One is free to pick the angle of attack a of
the freestream. Different choices of a will result in different
orientations of the designed airfoil with respect to the far field,
the contour being otherwise identical. The design procedure
requires that a starting airfoil shape be prescribed to provide
an initial boundary. With g, = f(s) prescribed as the tangen-
tial velocity on this contour, the resulting Dirichlet problem
for the flowfield around the contour can be solved and the
difference between the original contour and a streamline can
be estimated. The actual solution process is carried out by
mapping the approximate airfoil contour to a unit circle. The
approximate airfoil shape is then modified and the process
repeated until the airfoil boundary is reduced to be a stream-
line of the flow.

Mapping Procedures

Our procedure is based on the conformal mapping of the
approximate airfoil shape to unit circle using the slope-type
mapping procedure described by Van Ingen® and employed in
Jameson’s'* relaxation methods. The derivative of the map-
ping function z({) is represented as a finite power series in the
form

dz FAN
=]~ iQ
Z (1 s,) e 1)
where
N
P=1Y (A,cosnw+ B,sinnw) (12)
n=0
N
Q=Y (A,sinnw— Bcosnw) (13)
n=0

In these expressions (e) is the included angle at the trailing
edge, z=x+iy is the complex coordinate in the original
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airfoil plane, { = re'® is the complex coordinate (with » and «
the polar coordinates) in the circle plane, and 4,, B, are the
constants defining the mapping. Separation of Eq. (11) into its
real and imaginary parts leads to

Sl e o
=4I +e)(m—w)~(n/2)+Q (15)

where @ is equal to the local slope of the airfoil.

As discussed in Jameson,'* this mapping procedure has the
advantage that it permits a profile with an open tail to be
mapped to a closed circle.

In practice, the mapping of the airfoil is implemented from
a knowledge of the values of the airfoil slope at 2N points
distributed around the unit circle. From these known values,
the coefficients A4,,, B, are determined from a Fourier analysis
of 6(w) using Eq. (15).

Solution of Flowfield in the Circle Plane

We base our solution on the full potential equation in a
nonconservative form. We employ a nonconservative version
of Jameson’s'* mixed-flow relaxation method modified to
accept Dirichlet-type boundary conditions. In the absence of
boundary-layer effects in the formulation, this type of numeri-
cal scheme yields solutions that agree better with experimental
data than the solutions obtained by conservative schemes. The
use of such a scheme is only a matter of choice and not
essential to the design procedure. A fully conservative design
method can be set up in a similar manner.

The potential equation for irrotational flow in polar coordi-
nates is

(a> - u?)G,, ~ 2w(rG,, + G, — E) +(a®> — v*)(r’G,, + rG,)
+(u2—vz)rG,+(u2+vz)(%hw+vh,)=0 (16)

where a is the local speed of sound and the velocity compo-
nents in the two coordinates directions u, v are given in terms
of a reduced velocity potential G by

u=%[Gw—E—%'isin(w+a)] (17)
v'=%[rG, —q%cos(w + a)] (18)

where a is the angle of attack, E the circulation constant, and
h the modulus of the conformal transformation of the region
exterior to the airfoil surface to the interior of the unit circle
and is given in terms of the mapping function by

ES
rZ

dz
d¢

(19)

Here G is a reduced potential obtained by subtracting the
freestream and circulatory parts of the flow from the full
potential ¢,

G=¢—%cos(w+a)+5(w+a) (20)

In the far field (r=0), G has the behavior indicated by
Ludford®®

G =G, +E{(0+a) ~tan ' [\/1~ M2 tan(w + a)]} (21)

where G, is an arbitrary constant that can be set to zero in
direct problems, but which must be determined as part of the

CONSTRAINTS IN INVERSE DESIGN FOR TRANSONIC AIRFOILS 1773

solution in inverse problems by extrapolation from the interior
of the flowfield.

For the direct problem, we set g, =1 and the solution to
Eq. (16) is then obtained by standard relaxation procedures
using a uniform polar coordinate grid in the circle plane. The
surface boundary condition is satisfied by setting the value of
the potential on a “dummy” point beyond the surface to make
v =0 the surface (r =1). The introduction of the “dummy”
points is a numerical device to satisfy the boundary condi-
tions, without having to write special difference formulas on
the boundary. The circulation constant E is evaluated by
requiring u = 0 at the trailing edge in Eq. (17).

To find the solution of the inverse problem, it is first
necessary to set up the boundary conditions at the contour
surface. The assumed initial contour provides initial estimates
for the mapping modulus 4 and the arc-length relation, s =
s(w), which makes it possible to set up the desired velocity g,
as a function of the circle angle w through interpolation from
the original g, = f(s). In the circle plane, g, is identified with
the tangential velocity u. Of course, this will be true only
when the solution process is fully converged. Having obtained
u at midpoints of the grid, the circulation can be computed as

;M
E==— Y (hu),.: 0w (22)
2n ~, z

where Aw is the grid width and M the number of grid points
in the circumferential direction. Assuming a value G, for the
potential at the lower surface trailing edge, the potential
around the contour is obtained by integration from (Au). Thus

M
G, =Gy+ X [(hu) ,u1+ E+ g sin(w0+a)] Ao (23)

n=1

where G, is a constant that may be arbitrarily prescribed
without loss of generality (since we have left a corresponding
constant G, appearing in the far-field behavior free to be
determined as part of the solution).

The initial value of ¢, is also arbitrary and is usually
chosen to be one. Since there is no control on the value of the
normal velocity at the airfoil surface, there will, in general, be
a net mass flow emitted from the boundary. To allow for this,
we subtract a source term [ologr] from the reduced potential
leading to the following definition of G:

G=G+oalogr (24)

An additional source term {o/2log[1 — M2 sin’(w + a)]} also
appears in the far-field boundary condition.

In this Dirichlet problem, this source term has a role similar
to that of the circulation term in the Neumann problem. The
value of a is obtained by setting v equal to zero at the trailing
edge. The introduction of the source term guarantees compati-
bility of surface and far-field boundary conditions. As the
design process converges, the value of o goes to zero for
low-speed flow. For flows with shock waves, it settles down to
values reflecting the mass generation at shock waves intro-
duced by the nonconservative differencing,

With the boundary conditions established at the surface, the
flowfield within the circle can be solved as in the direct case.
The potential at the “dummy” point beyond the surface is
given the value that satisfies the difference equation at the
boundary point (r = 1). The normal velocity at the surface can
then be calculated at the boundary using the dummy value of
the potential. At the end of each sweep, ¢g,, and o are found
by setting the normal velocity component to zero, giving

G,+o—qcos(w—a)=0 (25)

at both the leading-edge stagnation point and the trailing
edge. The reduced potential at the boundary is readjusted to



1774 G. VOLPE AND R. E. MELNIK

reflect the new value of ¢, in order that the tangential
velocity on the surface remain the same.

Contour Modification

A nonzero normal velocity v at the boundary implies that
the actual streamline is (to first order) rotated from the
boundary by an angle equal to

86 = tan~'(v/u) (26)
Denoting the new values of a variable by (') and changes in

that variable by §( ), the new contour is mapped to a circle by
a transformation similar to Eq. (11)

u-8
g—§=(1—é) ef+ie 27

which implies relations similar to Egs. (12) and (13). If one
lets

M/2
P=P+8P= 7Y (A,cosnw+ B,sinnw) (28)
n=1
then
] M2
80—38e(ﬂ—w)=8Q= Y (A,sinnw — Blcosnw)
n=1
(29)
where
8e=(1/m)(86,—80,,),
A,=A,—A,, and B/ =B —B, (30)

From the solution to the Dirichlet problem and Eq. (26), 88 is
known as a function of w. By a standard Fourier analysis of
Eq. (29), 4, and B, are then evaluated. Values of the updated
Fourier coefficients of the full series for the transformation,
A, and B,, can then be formed. The arc length derivative
ds/dw can be calculated from Eqgs. (14) and (15) and then,
dx ds dy ds . &

—co d—i: —Hsm() (31)
Integration then yields §(w), X(w), and j(w).

The solution of the flowfield was obtained using the metric
from an initially assumed shape and the boundary conditions
were based on the corresponding s(w). The Dirichlet problem
is then solved again with the new values for these quantities.
There is, however, no need at any stage to do a direct solution
over the current airfoil contour. Such a calculation is desirable
at convergence in order to check the accuracy of inverse
solution. The iteration process is continued until a desired
tolerance in the maximum value of |v/u| is reached. At this
point, the tangential velocity » will be equal to the total speed
prescribed at the airfoil surface. Also the value of g, will
have been found.

To ensure convergence of the design process, it was neces-
sary to under-relax the changes to the contour shape. Thus,
only a fraction, typically 25%, of the change in slope suggested
by Eq. (26) is actually taken in the early design cycles. After
several contour modifications, the factor can be increased. The
tangential velocity #(w) at the boundary, which is inter-
polated from the desired g, = f(s), is also under-relaxed when
starting a new design cycle.

Results
The obvious, most basic, test case of an inverse design
method is the reproduction of an airfoil, using as input the
pressure distribution generated by a direct solution of the flow
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over the airfoil. In all the cases presented, the angle of attack
in the inverse problem is chosen to be zero and the freestream
speed is computed as part of the solution. All results for
pressure are given in terms of a pressure coefficient defined in
terms of the computed freestream speed.

The first example is that of a Korn airfoil at M, = 0.1 and
a =1.7 deg. In this case, we seek to compute the original Korn
airfoil shape from a prescribed pressure distribution that is
taken from a direct relaxation solution. The direct solution for
the pressure distribution is depicted in Fig. 1. The starting
profile for the inverse design procedure was chosen to be the
NACA 0010 airfoil. The Korn airfoil shape is essentially
recovered after 18 design cycles. The largest error in the
coordinates at this stage of the design is less than 0.1%. The
designed airfoil is rotated in a clockwise direction by 1.7 deg
with respect to the original airfoil. This is a result of setting
the angle of attack to zero in the inverse method. If it had
been chosen to be 1.7 deg, the designed airfoil would have the
same orientation as the original profile (this has been checked).
In the present case, the target pressure distribution is obtained
when the designed shape is analyzed in a direct mode at an
angle of attack of zero as seen in Fig. 2. Figure 3 gives the
rates of convergence for the maximum value of |v/u| and for
the mass flow parameter o. This being an essentially incom-
pressible case, o goes to zero as expected. The initial choice of
the freestream speed was set to one (as we do in most cases)
and remained at this value to better than three decimal places.
The “wiggle” between iterations 5 and 6 is due to an abrupt
increase of the relaxation factors employed in this calculation.

A more meaningful test is to repeat the calculation with the
same prescribed surface speed but with a different choice for
the initial guess of the freestream speed. Since the prescribed
speed distribution was obtained from a direct solution with
g, =1, the computed value of g, in the inverse calculation
should approach one, independent of its chosen initial value.
Results given in Fig. 4 clearly demonstrate that the computed
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Fig. 1 Pressure distribution on Korn airfoil (M = 0.100, a =17
deg, C, = 0.5262, C;, = —0.0001).
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Fig. 2 Designed airfoil contour and direct solution (M, = 0.100,
a= 0 deg, C; = 0.5266, C;, = —0.0001).

10—+

o |v/u] MAX

o
lol

102+

103 ®
/f\ \\\
A

DESIGN CYCLES

Fig. 3 Convergence history maximum surface velocity ratio and mass
flow coefficient for Korn airfoil design (M_, = 0.100).
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Fig. 4 Convergence history of scale factor for Korn airfoil design
(M, = 0.100).

freestream speed approaches one, to within the truncation
error of the scheme, for arbitrarily selected values of g
chosen in the range 0.2 < g, < 2. These results provide strong
evidence to our assertion that the freestream speed cannot be
set independently of the prescribed surface speed distribution,
but is in fact determined as part of the inverse solution. These
results can also be interpreted as a calculation carried out by
multiplying- the surface speed.distribution by an arbitrary
amplitude factor and keeping the freestream speed fixed at
one. The results in Fig. 4 can then be interpreted as the
convergence of the amplitude factor to one as the iteration
proceeds. Interpreted in this way, our results indicate that the
airfoil shape is completely determined by the shape of the
surface speed distribution and not by its amplitude. Existing
inverse codes of the Tranen and Carlson type would likely fail
if they were employed to find airfoil shapes corresponding to
pressure distributions generated in this manner.

The advantage of the present formulation over the-use of
Eq. (1) is that it can be used at supercritical speeds. Thus, if
the pressure distribution generated by an analysis of the Korn
airfoil at M, =0.75, a =1.7 deg is specified as a target, the
airfoil is once again recovered exactly, as seen in Fig. 5. The
starting contour was again the NACA 0010 profile. Figures 6
and 7 give the slope distributions in the leading-edge region of
the airfoil and in the region near the shock wave position. The
addition of 1.7 deg to the slope of the designed airfoil is due
to the rotation of the airfoil mentioned above. It is seen that
even in the latter case the shape is recovered without any
“wiggles” near the shock wave. The points defining the de-
signed shape are those corresponding to the grid points of the
computational mesh.

The present method does not control the extent of the
trailing-edge gap, but accepts whatever trailing-edge con-
figuration results from the computation. The Korn airfoil is a
closed profile and the cases presented correctly predicted a
closed trailing edge. In the case shown in Fig. 8, the gap is not
zero. The target pressure distribution depicted by the solid
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Fig. 5 Designed airfoil contaur and direct solution (M, = 0.750,
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Fig. 7 Computed and actual slope distribution for Korn airfoil design
in shock wave region [M_ = 0.750, a = 1.7 deg (actual contour), a = 0
deg (designed contour)].
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Fig. 8 Designed airfoil contour and direct solution (M_ = 0.683,
a = 0 deg).

line in Fig. 8 is generated, again, by a direct solution. It is
obtained and the profile recovered starting from the Korn
profile, exactly as seen in Fig. 8. Again, the correct trailing-edge
gap is predicted.

Figures 9 and 10 are examples of a series of airfoils de-
signed by the method at a Mach number of 0.8. In each case
the target upper surface distribution was the same. The pre-
scription varies on the lower surface and in the leading-edge
region. The computed values for freestream velocity are indi-
cated in the figure captions of each of these results and are
different in each case. Because of the changes in the computed
freestream speed, the pressure coefficient distributions on the
upper surfaces were also changed in the converged results by
factors depending on the magnitude of the computed

46

a = 0 deg (designed contour)].
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freestream speed.

The last example in Fig. 11 is the result of changing the
prescription for the pressure distribution on the lower surface
and in the leading-edge region to obtain g, =1 and a zero
trailing-edge thickness. The results in Fig. 11 indicate that
these goals were achieved. However, a crossover of the upper

54 56
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Fig. 9 Design case 845: contour and direct solution {M_ = 0.800,
C; = 0.4678 (q,, = 1.006)].
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Fig. 10 Design casé 731: contour and direct solution [M,, = 0.800,
C, = 0.6221 (g, = 0.945)].

and lower surfaces occurs at about 90% chord, resulting in a
negative thickness and an unacceptable airfoil profile.

Except for the first case (Figs. 1-3), which was run éxclu-
sively on a 96 X 16 mesh, the cases were done by running the
design process first on a coarse 48 X 8 mesh for several (typi-
cally 10) cycles before moving on to the finer 96 X 16 mesh.
On each mesh an airfoil shape that is compatiblé with the
direct problem on that same mesh is generatéd. For most
cases, after 10 design cycles on the first mesh, thé maximum
value of |v/u| is reduced to less than 0.01. At this point the
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Fig. 11 Design case 645: contour and direct solution [M, = 0.683,
C, = 18071 (¢, = 0.994)}].

airfoil profile is usually within 1% of the final shape that
would be obtained on that mesh. Convergence on a finer mesh
using the shape designed on a coarser grid is, of course, much
faster. The cases shown in this paper are intended as illus-
trations of the approach and, therefore, the tolerance levels to
which the inverse design was taken were much smaller than
necessary for engineering purposes. The cases shown in Figs. 9
and 10, which are examples of a much larger series of ex-
ercises, typically required about 30 min of computing time on
an IBM 370,/3033 comiputer, with about 15 design cycles on a
coarse mesh and 10 on a fine mesh. In each of these design
cycles, the tolerance levels on the maximum corrections are set
to a value of 107> or smaller. Much faster strategies can be
devised, however. In the early design cycles, there is no need
to converge to these small tolerances. Only in the later cycles,
as the final contour is approached, need the tolerances be set
to very small values. Circle plane relaxation methods have a
notoriously slow convergence rate in the radial direction. The
relaxation solution in the Dirichlet inverse mode must be
converged to a maximum correction level of 107° to compute
a normal velocity component to four decimal places (further
convergence would not change the value of this variable to
within the four decimal places). In the direct problem, conver-
gence to 1073 is usually sufficient to obtain the same degree of
accuracy on a computation of the tangential velocity compo-
nent.

Some of the above cases have been rerun with different
convergence strategies, resulting in a time saving as large as
70%. It should also be remembered that, in the last several
years, there have been developed solution procedures such as
approximate factorization and multigrid schemes that are
faster than the relaxation method used here. Use of these
schemes would reduce the required computational time by
about one order of magnitude.
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Conclusions

The purpose of this paper has been to point out the ex-
istence of closure conditions for the inverse problem of airfoil
theory in transonic flow similar to conditions arising in incom-
pressible flow. Failure of previous methods for transonic airfoil
design to recognize the existence of the first closure condition
in transonic flow has led to ill-posed formulations. The
present analysis indicates that it is not possible to specify both
the freestream speed and the speed distribution on the airfoil.
As shown in the present approach, the prescribed speed
distribution must satisfy a constraint if the freestream speed is
prescribed, just as in the incompressible problem. The method
is general, as seen by the number of examples presented. The
desired pressure distribution can be arbitrary, if it contains an
adjustable parameter or if the freestream speed is determined
as part of the solution (both procedures are entirely equiv-
alent).

The method can be extended to include traﬂmg—edge closure
conditions in a straightforward manner. Unlike the first closure
condition, the trailing-edge gap can be monitored during a
design procedure and changes in the target velocity distri-
bution can be made to drive the gap to any desired value, just
as in incompressible flow. It should be emphasized that the
particular procedure for introducing the free parameter (the
multiplication factor 4) in the present method is only one of
the many ways it can be introduced into the formulation to
close the design problem. The present procedure can be mod-
ified so that changes applied to the target speed distribution
needed to satisfy our solubility condition and to control
trailing-edge closure are made only over selected segments of
the airfoil profile in order that desirable features of the pre-
scribed flow might be retained exactly. Schemes such as those
developed by Arlinger,* Strand,® and Polito,® which minimize
the changes, could be implemented in the present transonic
flow method.
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